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UEDA THEORY FOR COMPACT CURVES WITH NODES
TAKAYUKI KOIKE
Abstract. Let C be a compact complex curve included in a non-singular complex sur-
face such that the normal bundle is topologically trivial. Ueda studied complex analytic
properties of a neighborhood of C when C is non-singular or is a rational curve with a
node. We propose an analogue of Ueda’s theory for the case where C admits nodes. As
an application, we study singular Hermitian metrics with semi-positive curvature on the
anti-canonical bundle of the blow-up of the projective plane at nine points in arbitrary
position.
1. Introduction
Let X be a non-singular complex surface and C ⊂ X be a compact complex curve. Our
aim is to investigate complex analytic properties of a neighborhood of C when the normal
bundle NC/X := j
∗OX(C) is topologically trivial, where we denote by j the inclusion
C →֒ X . In the present paper, we treat the case where C is a curve with only nodes (i.e.
C is a 1-dimensional reduced subvariety of X with only normal crossing singularities. C
may be reducible, and may have a self-intersecting curve as an irreducible component).
One main conclusion of our results in this paper is on the (non-)existence of C∞ Hermitian
metrics with semi-positive curvature on the line bundle OX(C) when C is a cycle of
rational curves:
Theorem 1.1. Let X be a non-singular complex surface and C ⊂ X be a cycle of
rational curves with topologically trivial normal bundle (C is a reduced subvariety of X
with only nodes, and may be either a non-singular one or a rational curve with a node).
(i) Assume that NC/X is a flat line bundle (i.e. it can be regarded as an element of
H1(C,U(1)), where U(1) := {z ∈ C | |z| = 1}) with log d(OC , N
n
C/X) = O(logn) as
n → ∞, where d is the Euclidean distance of H1(C,U(1)). Then OX(C) admits a C
∞
Hermitian metric with semi-positive curvature.
(ii) Assume that NC/X is not flat. Then the singular Hermitian metric |f |
−2 has the
mildest singularities among singular Hermitian metrics of OX(C) whose local weights are
psh (plurisubharmonic), where f ∈ H0(X,OX(C)) is a section whose zero divisor is C.
Epecially, OX(C) is nef, however it admits no C
∞ Hermitian metric with semi-positive
curvature.
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Note that H1(C,U(1)) can be regarded as a subset of H1(C,O∗C), which is the set of
all holomorphic line bundles on C (see Remark 2.3). We can apply Theorem 1.1 to the
anti-canonical bundle K−1X of the blow-up X of the projective plane P
2 at nine points
different from each other. Let C0 ⊂ P
2 be a compact curve of degree 3 including all of
the nine points. Denote by C the strict transform of C0. When C0 is a non-singular
elliptic curve, it is known that K−1X = OX(C) admits a C
∞ Hermitian metric with semi-
positive curvature if NC/X is an torsion element of H
1(C,O∗C) or satisfies the condition as
in Theorem 1.1 (i) (It follows from [U83, Theorem 3], see [Br]). It follows from Theorem
1.1 (i) that the same phenomenon occurs even when C0 is a curve with nodes if NC/X
is topologically trivial. Thus, even in this case, we can pose the same question as the
following Question 1.2, which the author learned from Prof. Jean-Pierre Demailly.
Question 1.2. Let C0 ⊂ P
2 be a non-singular elliptic curve. Is there a configuration
of nine points {pj}
9
j=1 ⊂ C0 such that the anti-canonical bundle K
−1
X of the blow-up X of
P2 at {pj}
9
j=1 admits no C
∞ Hermitian metric with semi-positive curvature?
Theorem 1.1 (ii) deduces the following:
Corollary 1.3. There exists a configuration of nine points {pj}
9
j=1 ⊂ P
2 such that
the anti-canonical bundle K−1X of the blow-up X of P
2 at {pj}
9
j=1 is nef, however it admits
no C∞ Hermitian metric with semi-positive curvature.
Note that, though Corollary 1.3 gives an answer to a weak analogue of Question 1.2,
we can not give an answer to the original form of Question 1.2 from Theorem 1.1 (ii). It
is because NC/X is always flat if C0 is non-singular, where C is the strict transform of C0
(see [U83, Proposition 1]). We also study (singular) Hermitian metrics with semi-positive
curvature on K−1X for arbitrary position of nine points (Theorem 7.1).
The goal of the present paper is to pose an analogue of Ueda theory ([U83], [U91])
for a curve C with only nodes included in a non-singular surface X . Prof. Tetsuo Ueda
investigated complex analytic properties of a neighborhood of C when NC/X is topologi-
cally trivial in the case where C is non-singular ([U83]) and the case where C is a rational
curve with a node ([U91]). When C is a curve with nodes, we define the “type” of the
pair (C,X) as the supremum of the set of all integers n such that uν(C,X) = 0 holds
for all integer ν < n, where uν(C,X) ∈ H
1(C,OC(N
−ν
C/X)) is the class we will define in
§3 as an analogue of Ueda’s obstruction class posed in [U83]. Before describing our main
results, we first explain our notations. We denote by P(C) the set of all topologically
trivial holomorphic line bundles defined on C and by P0(C) the set of all flat line bundles
defined on C. We denote by E0(C) the set of all torsion elements of P0(C), and by E1(C)
the set of all elements L of P0(C) which satisfies the condition log d(OC , L
n) = O(logn)
as n→∞, where d is an invariant distance of P0(C) (E1(C) does not depend on the choice
of d, see [U83, §4.1]). For L ∈ P(C), we denote by C(L) the sheaf of constant sections
of L. Note that the notion of the constant section is well-defined for L ∈ P(C), since L
admit a flat connection (even when L 6∈ P0(C), or equivalently, even when L admits no
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flat metric, see Lemma 2.1). Note also that, the sheaf C(L) is independent of the choice
of the flat connection up to sheaf isomorphism.
The main results of this paper are the follows. The first one is an analogue of [U83,
Theorem 3]:
Theorem 1.4. Let X be a non-singular complex surface, C be a 1-dimensional reduced
compact subvariety of X with only nodes such that NC/X ∈ E0(C) ∪ E1(C). Assume
that i∗NC/X ∈ E0(C˜), where i : C˜ → C is the normalization of C. Assume also that
H1(C,C(N−nC/X)) = 0 holds for each n ∈ Z>0. Then, if the pair (C,X) is of infinite type,
then there exists a neighborhood V of C in X such that OV (C) is flat.
Next one is an analogue of [U83, Theorem 1, 2]:
Theorem 1.5. Let X be a non-singular complex surface, C be a 1-dimensional reduced
compact subvariety of X with only nodes such that G(C) is a tree and NC/X = OC, where
G(C) is the dual graph of C; i.e. G(C) is the graph such that the vertex set of G(C) is
the set of all irreducible components of C and the edge set of G(C) is the set of all nodal
points of C. Assume that the type of the pair (C,X) is a finite number n ∈ Z>0. Assume
also that un(C,X)|Cν 6= 0 ∈ H
1(Cν ,OCν ) holds for all irreducible component Cν of C.
Then the following holds:
(i) For each real number λ > 1, There exists a neighborhood V of C and a strongly psh
function Φλ : V \C → R such that Φλ(p)→∞ and Φλ(p) = O(d(p, C)
−λn) hold as p→ C,
where d(p, C) is the distance from p to C calculated by using a local Euclidean metric on
a neighborhood of a point of C in V .
(ii) Let V be a neighborhood of C in X, Ψ be a psh function defined onV \ C. If there
exists a real number 0 < λ < 1 such that Ψ(p) = O(d(p, C)−λn) as p → C, then there
exists a neighborhood V0 of C in V such that Ψ|V0\C is a constant function.
The third one is an generalization of [U91, Theorem 1, 2]:
Theorem 1.6. Let X be a non-singular complex surface, C be a 1-dimensional reduced
compact subvariety of X with only nodes such that the dual graph G(C) is a cycle graph
(G(C) may be the graph with one vertex and one edge) and NC/X ∈ P(C)\P0(C). Assume
that the type of the pair (C,X) is larger than or equal to 4. Then the following holds:
(i) For each real number λ > 1, There exists a neighborhood V of C and a strongly psh
function Φλ : V \ C → R such that Φλ(p) → ∞ and Φ(p) = O((− log d(p, C))
2λ) hold as
p → C, where d(p, C) is the distance from p to C calculated by using a local Euclidean
metric on a neighborhood of a point of C in V .
(ii) Let V be a neighborhood of C in X, Ψ be a psh function defined onV \ C. If there
exists a real number 0 < λ < 1 such that Ψ(p) = O((− log d(p, C))2λ) as p → C, then
there exists a neighborhood V0 of C in V such that Ψ|V0\C is a constant function.
[U83, Theorem 3] is shown by using L∞-norm estimates for 0-cochains whose cobound-
ary define the obstruction class uν(C,X) for each ν. Refining this technique by considering
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the exterior derivatives of such 0-cochains, we prove Theorem 1.4. [U83, Theorem 1, 2]
and [U91, Theorem 1, 2] are shown by constructing a suitable function Φλ on a neighbor-
hood of the curve for each λ > 0. We prove Theorem 1.5 and Theorem 1.6 by generalizing
this construction.
The organization of the paper is as follows. In §2, we study fundamental properties
of topologically trivial holomorphic line bundles on a curve with nodes. In §3, we give
the definition of the obstruction class un(C,X) and the type of the pair (C,X). In §4,
we prove Theorem 1.4. In §5, we prove Theorem 1.5. In §6, we prove Theorem 1.6. In
§7, we prove Theorem 1.1. In this section, we also study singular Hermitian metrics with
semi-positive curvature on the anti-canonical bundle of the blow-up of P2 at nine points
in arbitrary position.
Acknowledgment. The author would like to give heartful thanks to Prof. Shigeharu
Takayama whose comments and suggestions were of inestimable value for my study. He
also thanks Prof. Tetsuo Ueda, Prof. Yoshinori Gongyo, and Dr. Yusuke Nakamura for
helpful comments and warm encouragements. He is supported by the Grant-in-Aid for
Scientific Research (KAKENHI No.25-2869) and the Grant-in-Aid for JSPS fellows.
2. topologically trivial holomorphic line bundles on curves with nodes
In this section, we study fundamental properties of topologically trivial holomorphic
line bundles on a curve with only nodes.
Lemma 2.1. Let C be a compact complex curve with only nodes and L be an element
of P(C). Then, in a suitable local trivialization, all the transition functions of L are
constant functions valued in C∗: P(C) = Image (H1(C,C∗)→ H1(C,O∗C)). Especially it
follows that L admits a flat connection even when L 6∈ P0(C).
Proof. Considering the exponential short exact sequence, it is sufficient to show that
the natural map H1(C,C) → H1(C,OC) is surjective. For simplicity, we show this as-
sertion only when the set Csing of all singular points of C is a unit set {p} ⊂ C. Fix a
sufficiently fine open covering {Uj}
N
j=1 of C. We may assume that p ∈ Uj =⇒ j = 1.
Denote by i : C˜ → C the normalizations of C and by {U˜ν}
N
ν=0 the open covering of C˜ such
that
i−1(Uj) =
{
U˜0 ⊔ U˜1 (j = 1)
U˜j (j > 1)
holds. Let [{(Ujk, fjk)}] be an element of H
1(C,OC) and set {(U˜jk, f˜jk)} := i
∗{(Ujk, fjk)}.
Then [{(U˜jk, f˜jk)}] defines an element [{(U˜jk, f˜jk)}] ∈ H
1(C˜,OC˜). Considering the Hodge
decomposition on C˜, it turns out that H1(C˜,C) → H1(C˜,OC˜) is surjective and thus
there exists a 0-cochain {(U˜j , F˜j)} and an element [{(U˜jk, a˜jk)}] ∈ H
1(C˜,C) such that
{(U˜jk, f˜jk)} = {(U˜jk, a˜jk)}+ δ{(U˜j, F˜j)} holds.
Let us consider the case where F˜0(p˜0) = F˜1(p˜1) holds, where {p˜ℓ} = i
−1(p) ∩ U˜ℓ for
ℓ = 0, 1. First, in this case, we will show that there exists a 0-cocycle {(Uj , Fj)} such
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that i∗{(Uj , Fj)} = {(U˜j , F˜j)}. As the construction of Fj for j 6= 1 is trivial, we only
explain the construction of F1. Let us regard U1 as a neighborhood of (0, 0) in the subset
{xy = 0} ⊂ C2, F˜0 as a function F˜0(x) defined on U˜0 = (a neighborhood of (0, 0) in
{y = 0}), and, F˜1 as a function F˜1(y) defined on U˜1 = (a neighborhood of (0, 0) in
{x = 0}). Then we can construct F1 as the function F1(x, y) := F˜0(x) + F˜1(y) − F˜0(0),
which proves the assertion. By using this, we obtain that [{(Ujk, fjk)}] and [{(Ujk, ajk)}]
coincide with each other as elements of H1(C,OC), where {(Ujk, ajk)} is an element of
H1(C,C) such that i∗{(Ujk, ajk)} = {(U˜jk, a˜jk)}. This shows the lemma.
Next we consider thee case where A := F˜1(p˜1)− F˜0(p˜0) 6= 0. From the same argument
as in the previous case, we can construct a 0-cocycle {(Uj, Fj)} such that i
∗{(Uj, Fj)} =
{(U˜j , F˜j + δj0 · A)} holds, where
δj0 :=
{
1 (j = 0)
0 (otherwise).
Thus we can show that {(Ujk, fjk)} − δ{(Uj, Fj)} = {(Ujk, ajk + Ajk)} holds, where
{(Ujk, ajk)} and {(Ujk, Ajk)} are elements ofH
1(C,C) such that i∗{(Ujk, ajk)} = {(U˜jk, a˜jk)}
and i∗{(Ujk, Ajk)} = {(U˜jk, δ0j · A)} holds. This shows the lemma. 
Remark 2.2. Let C be a compact curve with nodes and i : C˜ → C be the normalization
of C. Let {Uj} be an open covering of C which is a finite collection of open sets. In the
rest of this paper, we always assume that {Uj} is fine enough to satisfy the following
conditions: Each Uj is isomorphic to an open ball in C or a neighborhood of (0, 0) in
{xy = 0} ⊂ C2, and each Ujk is isomorphic to an open ball in C. Moreover we may
assume that, for each j, k such that Uj ∩ Csing 6= ∅ and Uk ∩ Csing 6= ∅, the intersection
Ujk is the empty set. Let {U˜ν} be an open covering of C˜ which satisfies the following
conditions: For j such that Uj ∩ Csing = ∅, there exists ν such that i
−1(Uj) = U˜ν . For
Uk ∩ Csing 6= ∅, there exists µ, λ such that i
−1(Uj) = U˜µ ∪ U˜λ. Moreover, each U˜ν is
isomorphic to an open ball in C.
From the proof of Lemma 2.1, it turns out that, for each L = [{(Ujk, tjk)}] ∈ H
1(C,C∗),
there exists τνµ ∈ U(1) and aν ∈ C
∗ such that tjk = τνµ · aµ/aν holds for each j, k, ν, µ
with i−1(Ujk) = U˜νµ. Moreover, we may assume that aν = 1 holds for each ν such that
U˜ν = i
−1(Uj) for some Uj .
Consider the case where C is a rational curve with a node p. In this case, we may
assume that τνµ = 1 for each ν and µ, and there uniquely exists an open set Uk0 such that
p ∈ Uk0. Then the number ak0 or a
−1
k0
coincides with the number α appears in [U91].
Remark 2.3. Let C be a compact curve with nodes. Though the map H1(C,C∗) →
H1(C,O∗C) is not injective in general, the natural map H
1(C,U(1)) → H1(C,O∗C) is
injective. For proving this fact, it is sufficient to show that the natural map H1(C,R)→
H1(C,OC) is injective. Let i : C˜ → C be the normalization and C˜ =
⋃N
ν=1 C˜ν be the
irreducible decomposition. By considering the short exact sequences as in the proof of
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Proposition 2.5 below, we obtain the following commutative diagram with exact rows:⊕N
ν=1R
//
α

⊕
pj∈Csing
R //
β

H1(C,R) //

⊕N
ν=1H
1(C˜ν ,R)
γ
⊕N
ν=1C
//
⊕
pj∈Csing
C
δ
// H1(C,OC) //
⊕N
ν=1H
1(C˜ν ,OC˜ν ).
Taking an element ξ from the kernel of the map H1(C,R) → H1(C,OC), we prove that
ξ = 0 holds. It follows form the Hodge decomposition theorem that the map γ above is
an isomorphism. Thus there exists an element η ∈
⊕
pj∈Csing
R such that η 7→ ξ holds. As
δ(β(η)) = 0, there exists an element ζ ∈
⊕N
ν=1C such that ζ 7→ β(η). Since it holds that
Re (ζ) 7→ η, we obtain that ξ = 0 holds.
Lemma 2.4. Let C be a compact curve with nodes. If the dual graph G(C) of C is a
tree, P0(C) = P(C) holds.
Proof. When the depth of G(C) is equal to 0, lemma follows from [U83, §1.1]. It also
turns out that, P0(C) = P(C) holds when there exist C1, C2 ⊂ C such that C = C1 ∪C2,
#(C1 ∩ C2) = 1, and P0(Cj) = P(Cj) holds for j = 0, 1. Thus we can show this lemma
by the induction for the depth of G(C). 
Proposition 2.5. Let C be a compact complex curve with only nodes and L be an
element of P(C). Assume one of the following conditions:
(1) G(C) is a tree and L = OC .
(2) Euler number of G(C) is equal to 0, L 6= OC , and i
∗L = OC˜ , where i : C˜ → C is the
normalization.
Then the natural map H1(C,C(L)) → H1(C,OC(L)) ⊕ H
1(C,OC(L)) is isomorphism,
where OC(L), OC(L) is the sheaf of holomorphic, anti-holomorphic sections of L, respec-
tively.
Proof. Denote by C˜ =
⋃N
ν=1 C˜ν the irreducible decomposition of C˜. Consider the
short exact sequence 0 → C(L) → i∗C(i
∗L) →
⊕
p∈Csing
L|p → 0, where i∗C(i
∗L) →⊕
p∈Csing
L|p is the map defined by (i∗C(i
∗L))p = L|p⊕L|p ∋ (a, b) 7→ a− b ∈ L|p for each
p ∈ Csing. This short exact sequence induces the exact sequence
0 → H0(C,C(L))→
N⊕
ν=1
H0(C˜ν ,C(i
∗L|C˜ν ))→
⊕
p∈Csing
L|p
→ H1(C,C(L))→
N⊕
ν=1
H1(C˜ν ,C(i
∗L|C˜ν ))→ 0.
As i∗L|C˜ν = OC˜ν holds for each ν under the assumptions (1), (2), we obtain the equation
dimH1(C,C(L)) = dimH0(C,C(L))−N +#(Csing) +
N∑
ν=1
dimH1(C˜ν ,C(i
∗L|C˜ν )).
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As dimH0(C,C(L))−N +#(Csing) = 0 holds under the assumptions (1), (2), we obtain
dimH1(C,C(L)) =
∑N
ν=1 dimH
1(C˜ν ,C(i
∗L|C˜ν )). We also obtain dimH
1(C,OC(L)) =∑N
ν=1 dimH
1(C˜ν ,OC˜ν (i
∗L|C˜ν )) and dimH
1(C,OC(L)) =
∑N
ν=1 dimH
1(C˜ν ,OC˜ν (i
∗L|C˜ν ))
from the same argument for the sheaves OC(L) and OC(L) instead of C(L). Since each
C˜ν is a compact Ka¨hler manifold, dimH
1(C˜ν ,C(i
∗L|C˜ν )) = dimH
1(C˜ν ,OC˜ν (i
∗L|C˜ν )) +
dimH1(C˜ν ,OC˜ν (i
∗L|C˜ν )) holds. Thus we obtain the equation
dimH1(C,C(L)) = dimH1(C,OC(L)) + dimH
1(C,OC(L)).
By the same argument as in [U83, p. 586], we can show that the natural mapH1(C,C(L))→
H1(C,OC(L))⊕H
1(C,OC(L)) is injective. Thus this map is isomorphism. 
3. Definition of the obstruction classes and the type for the pair (C,X)
Let X be a compact non-singular complex surface and C ⊂ X be a compact complex
curve with only nodes. Assume that NC/X ∈ P(C). In this section, we give the definition
of the obstruction class un(C,X) ∈ H
1(C,OC(N
−n
C/X)) and the type of the pair (C,X) in
almost the same manner as in the case where C is non-singular [U83]. Let us fix an open
covering {Uj} of C as in Remark 2.2. Fix a sufficiently small neighborhood V of C in X
and an open covering {Vj} of V such that Vj ∩ C = Uj . We may assume that Vjk 6= ∅
only if Ujk 6= ∅.
Lemma 3.1. Let tjk ∈ C
∗ be constants such that NC/X = [{(Ujk, tjk)}]. Then, by
shrinking V and {Vj} if necessary, there exists a system {(Vj , wj)} of defining functions
wj of Uj on Vj such that tjkwk = wj +O(w
2
j ) holds on Vjk for each j, k.
Proof. Fix a defining functions vj of Uj on Vj for each j. Since [{(Ujk, (vj/vk)|Ujk)}] =
[{(Ujk, tjk)}] ∈ H
1({Ujk},O
∗
C), there exists 0-cochain {(Uj, ej)} ∈ C˘
0({Uj},O
∗
C) such that
(vj/vk)|Ujk = tjkej/ek. By shrinking V and {Vj} if necessary, there exists a nowhere
vanishing holomorphic function fj on Vj such that fj|Uj = ej for each j. Then we can
show the lemma by considering wj := f
−1
j vj . 
Fix {tjk}, {wj} as in Lemma 3.1. In the following, we always assume that Vj∩Csing = ∅
whenever we consider the set Vjk. Let
(3.1) tjkwk = wj + f
kj
2 (zj) · w
2
j + f
kj
3 (zj) · w
3
j + f
kj
4 (zj) · w
4
j + · · ·
be the expansion of tjkwk by wj on Vjk, where zj is a holomorphic function defined on Vj
such that (zj , wj) is a coordinates system of Vj.
Definition 3.2. We say that the system {wj} is of order n if the coefficient f
jk
m in
the expansion (3.1) is equal to 0 for all m ≤ n on each Vjk.
Proposition 3.3. Assume that a system {wj} is of order n. Then {(Ujk, f
kj
n+1|Ujk)}
satisfies the cocycle condition for OX(−nC)|C , where f
kj
n+1 is that in the expansion (3.1).
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Proof. From a simple calculation, we obtain the equation
fkjn+1|Ujk =
1
n
(w−nj − t
−n
jk w
−n
k )|Ujk
on each Ujk, which shows the 1-cocycle condition. 
Definition 3.4. We denote by un(C,X) the class [{(Ujk, f
kj
n+1|Ujk)}] ∈ H
1(C,OX(N
−n
C/X)).
We say that the obstruction class un(C,X) is well-defined if, by shrinking V and {Vj}
if necessary, there exits a system {wj} of order n.
Remark 3.5. It can be easily shown that the class [un(C,X)] ∈ H
1(C,OX(N
−n
C/X))/C
∗
does not depend on the choice of the system {wj} of order n.
Proposition 3.6. Assume that un(C,X) is well-defined. Then, for each m < n,
um(C,X) is also well-defined and um(C,X) = 0 holds. un(C,X) = 0 holds if and only if
un+1(C,X) is well-defined.
Proof. The first assertion is clear by definition of um(C,X). Thus we here show the
second assertion. Assuming un(C,X) = 0, we will construct a new system {vj} of order
n+ 1 by shrinking V and {Vj} if necessary.
As un(C,X) = 0 holds, there exists a 0-cochain {(Uj, Fj)} ∈ C˘
0({Uj},OC(N
−n
C/X)) such
that
Fj − t
−n
jk Fk = (w
−n
j − t
−n
jk w
−n
k )|Ujk
holds for each j, k. Extending each Fj to a holomorphic function defined on Vj by shrinking
V and {Vj} if necessary, we define a new system {vj} by vj := wj · (1 − Fjw
n
j )
− 1
n =
wj +
1
n
Fjw
n+1
j + · · · . Since vj = wj +O(w
n+1
j ), it is clear that our new system {vj} is also
of order n. Moreover, the equation
(v−nj − t
−n
jk v
−n
k )|Ujk =
(
(wj − Fj)
−n − t−njk (w
−n
k − Fk)
)∣∣
Ujk
≡ 0
shows that the system {vj} is of order n+ 1 (see the proof of Proposition 3.3). 
By Proposition 3.6, we can define the type of the pair (C,X) as follows:
Definition 3.7. We say that (C,X) is of type n ∈ Z>0 if un(C,X) is well-defined and
un(C,X) 6= 0 holds. We say that (C,X) is of infinite type if un(C,X) is well-defined
and un(C,X) = 0 holds for all n ∈ Z>0.
4. Proof of Theorem 1.4
4.1. Preliminary for the proof of Theorem 1.4. Let C be a compact complex curve
with only nodes and i : C˜ → C be the normalization. Fix an open covering {Uj} of C
and {U˜ν} of C˜ as in Remark 2.2. In the proof of Theorem 1.4, as in [U83, p. 601], we use
the function
d(OC , L) := inf
{tjk}
max
j,k
|1− tjk|.
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as a distance between OC and L ∈ P0(C), where the infimum is taken over the set of all
{tjk} ⊂ U(1) such that L = [{(Ujk, tjk)}] ∈ H
1(C,U(1)). We use the following lemmata
for proving the theorem:
Lemma 4.1. For each L ∈ P0(C), there exists a constant K = K(L) > 0 such that
the following holds: For each 1-cocycle α = {(Ujk, αjk)} ∈ Z
1({Uj},C(L)) with [α] =
0 ∈ H1({Uj},C(L)), There exists a 0-cochain β = {(Uj, βj)} ∈ C˘
0({Uj},C(L)) such that
δβ = α and ‖β‖ ≤ K‖α‖ holds, where ‖α‖ = maxjk supUjk |αjk|, ‖β‖ = maxj supUj |βj|.
Lemma 4.1 can be shown in the same manner as the proof of [KS, Lemma 2]. Next
lemma is an analogue of [U83, Lemma 4].
Lemma 4.2. There exists a constant K = K(C) > 0 such that, for each L ∈ P0(C)
and β = {(Uj , βj)} ∈ C˘
0({Uj},C(L)), d(OC , L)‖β‖ ≤ K‖δβ‖ holds. 
Proof. Let G be the dual graph of the open covering {Uj}: i.e. the vertex set is the set
{Uj}, and there exist an edge connecting Uj and Uk if and only if Ujk 6= ∅. Denote by K0
the length of a longest path of G. We will show the inequality d(OC , L) ≤ (1+ 2K0)‖δβ‖
for each L ∈ P0(C) and β = {(Uj , βj)} such that ‖β‖ = 1.
Fix j0 such that |βj0| = 1. Then, for each Uj , there exists a path ℓ of G from Uj0 to Uj
whose length is n ≤ K0. Let Uℓ0 , Uℓ1 , · · · , Uℓn be the sequence of open sets corresponding
to the path ℓ (n ≤ K, ℓ0 = j0, ℓn = j, Uℓν ∩ Uℓν+1 6= ∅ for each ν < n). First, we will
show that 1 − |βℓν | ≤ ν‖δβ‖ holds for each ν ≤ n. As it is clear in the case ν = 0, it is
sufficient to show 1− |βℓν+1| ≤ (ν + 1)‖δβ‖ assuming that 1− |βℓν | ≤ ν‖δβ‖ holds. Since
|βℓν | ≤ |βℓν+1|+ |βℓν+1 − tℓν+1ℓνβℓν | ≤ |βℓν+1|+ ‖δβ‖, the assertion holds.
Thus we obtain the inequality 1− |βj| ≤ K0‖δβ‖ for all j. Therefore
d(OC , L) ≤ max
j,k
∣∣∣∣ βj|βj | − tjk βj|βj |
∣∣∣∣
≤ max
j,k
(∣∣∣∣ βj|βj| − βj
∣∣∣∣+ |βj − tjkβk|+ ∣∣∣∣ βj|βj | − βk
∣∣∣∣)
≤ ‖δβ‖+ 2max
j
(1− |βj |) ≤ (1 + 2K0)‖δβ‖
holds, which shows the lemma. 
4.2. Proof of Theorem 1.4. Let V be a sufficiently small neighborhood of C in X . Fix
an open covering {Vj} of V such that Uj = Vj ∩ C, where {Uj} is that in the previous
subsection. Fix also a defining function wj of Uj in Vj as in Lemma 3.1. We will prove
Theorem 1.4 by constructing a new system {(Vj, uj)} of defining functions uj of Uj in Vj
such that tjkuk = uj holds on each Vjk. Just as the proof of [U83, Theorem 3], we will
construct such a new system {(Vj, uj)} by solving the functional equation
(4.1) wj = uj +
∞∑
n=2
F jnu
n
j
on each Vj after defining a suitable holomorphic function Fj on each Vj.
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4.2.1. Construction of {F jn}. Fix a holomorphic function zj defined on Vj such that
(zj , wj) is a coordinates system of Vj for each j such that Vj∩Csing = ∅. In this subsection,
we show the existence of {F jν } such that the following (Property)n holds for each integer
n ≥ 2:
(Property)n: Each Fj depends only on the variable zj if Vj ∩ Csing = ∅, and the
system {(Vj, uj)} is of order n if uj is a defining function of Uj in Vj which satisfies
the equation wj = uj +
∑n
ν=2 F
j
νu
ν
j . 
We show the existence of such {F jν } by induction for n. Assuming that there exists a
system {F jν } for ν = 2, 3, . . . , n− 1 which satisfies (Property)n−1, we will construct {F
j
n}
(The construction of {F j2} is done in the same manner as follows).
Consider the expansion (3.1) of tjkwk by wj on Vjk:
tjkwk = wj + f
kj
2 (zj) · w
2
j + f
kj
3 (zj) · w
3
j + f
kj
4 (zj) · w
4
j + · · ·
(Recall that we are assuming that Vj ∩ Csing = ∅ whenever we consider the set Vjk). Let
(4.2) F kν (wj, zj) = π
∗
j
(
F kν |Ujk
)
+
∞∑
λ=1
F kjνλ(zj) · w
λ
j
be the expansion of F kν by the variable wj on Vjk, where πj : Vj → Uj is the projection
defined by (wj , zj) 7→ (0, zj). Define the system {P
kj
ν } by
(4.3)
n∑
ν=2
fkjν (zj) ·
(
wj +
n−1∑
λ=2
F jλ(zj) · w
λ
j
)ν
=
n∑
ν=2
P kjν (zj) · w
ν
j +O(w
n+1
j ),
and the system {Qkjν } by
(4.4)
n−1∑
ν=2
t−ν+1jk
∞∑
λ=1
F kjνλ(zj) ·
(
wj +
n−1∑
λ=2
F jλ(zj) · w
λ
j
)λ
· wνj =
n∑
ν=2
Qkjν (zj) · w
ν
j +O(w
n+1
j ).
Note that each P kjν and Q
kj
ν is uniquely determined after determining {F
j
µ} for µ < ν.
Calculations by using (Property)n−1 shows that the class of H
1(C,OC(N
−n+1
C/X )) defined
by (P kjν − t
−n+1
jk Q
kj
ν )|Ujk coincides with the obstruction class un−1(C,X) (see [U83, §4.2]).
Since un−1(C,X) = 0, there exists a 0-cochain {(Uj , f
j
n)} such that f
j
n − t
−n+1
jk f
k
n =
(P kjν −t
−n+1
jk Q
kj
ν )|Ujk holds for each j, k. The calculation in [U83, §4.2] shows that a system
{F jn} satisfies (Property)n if F
j
n(wj , zj) = f
j
n(zj) for each j such that Vj ∩ Csing = ∅, and
F kn |Uk = f
k
n holds for each k. 
4.2.2. Construction of {uj}. In this subsection, we prove Theorem 1.4 assuming that
there exists a system {F jn}
∞
n=2 which satisfies (Property)n for each n ≥ 2 and the formal
power series X+
∑∞
n=2(supVj |F
j
n|) ·X
n has a positive radius of convergence (We will prove
this assertion from the next subsection). For each j such that Uj ∩ Csing = ∅, we define
uj by the functional equation (4.1) (It is clear that there uniquely exists a solution of
the functional equation (4.1). Next, let us consider on Uk such that Uk ∩ Csing = ∅. Let
(xk, yk) be a coordinates system of Uk such that wk = xk · yk. Define new coordinates
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system (x˜k, y˜k) of Uk by x˜k = xk and yk = y˜k+
∑∞
n=2 F
k
nx
n−1
k y˜
n
k . Then clearly the function
uk := x˜k · y˜k is a defining function of Uk in Vk and is a solution of the functional equation
(4.1). From (Property)n for each n ≥ 2, we can conclude that tjkuk = uj holds on each
Vjk, which proves the theorem. 
4.2.3. Convergence of the functional equation (4.1) for the case NC/X ∈ E0(C). In this
subsection, we prove that the formal power series X+
∑∞
n=2(supVj |F
j
n|) ·X
n has a positive
radius of convergence for a suitable choice of {F jn} when NC/X ∈ E0(C).
First, we fix a point pj ∈ Uj as follows: For each j such that Uj ∩ Csing = ∅, we can
regard Uj as the ball {|z| < εj} ⊂ C for some positive number εj via the coordinate
function zj . For such j, we define pj by zj(pj) = 0 ∈ {|z| < εj}. For each k such
that Uk ∩ Csing 6= ∅, via a suitable coordinates system (xk, yk) of Vk, Uk is isomorphic to
{xk · yk = 0, |xk| < εk, |yk| < εk} ⊂ C
2 for some positive number εk. For such k, we define
pk by (xk(pk), yk(pk)) = (0, 0) ∈ {xk · yk = 0, |xk| < εk, |yk| < εk}. We denote by C
j
n the
constant F jn(pj) for each j and n. Note that we may assume that εj, εk < 1. Fix an open
covering {U∗j } of C such that U
∗
j ⊂ Uj and Ujk = ∅ ⇒ U
∗
jk = ∅ holds for each j, k. Fix
also an open neighborhood V ∗j of U
∗
j in Vj such that V
∗
j ⊂ Vj. Note that, we may assume
that the coordinate function zj (xk, yk) can be extended to the set Vj ∪ V
∗
l (Vk ∪ V
∗
l ) if
Ujl 6= ∅ (Ukl 6= ∅, respectively), since {Uj} is sufficiently fine. Fix a sufficiently large real
number C0 such that
sup
Vj∩V ∗k
∣∣∣∣∂zk∂zj
∣∣∣∣ ≤ C0
holds for each j, k with Uk ∩ Csing = ∅, and
sup
Vj∩V ∗k
∣∣∣∣∂xk∂zj
∣∣∣∣ ≤ C0, sup
Vj∩V ∗k
∣∣∣∣∂yk∂zj
∣∣∣∣ ≤ C0
holds for each j, k with Uk ∩Csing 6= ∅. Denote by A(X) = X +
∑∞
n=2AnX
n ∈ C{X} the
solution of the functional equation
A(X)−X =
M0(A(X))
2
1− R0A(X)
with A′(X) = 1, where M0, R0 are sufficiently large real number (There uniquely exists
such A(X) for each M0, R0, and clearly has a positive radius of convergence). Note that
An ≥ 0 holds for each n ≥ 2. In the rest of this subsection, we will prove that
(4.5) sup
Vj
∣∣F jν ∣∣ ≤ 3Aν
holds for each ν ≥ 2, sufficiently large M0, R0, and suitable {F
j
n}. For proving this, it is
sufficient to show the following claim:
Claim 4.3. For sufficiently large M0, R0, there exists a system {F
j
n}
∞
n=2 such that
(Property)n holds and that, for each k such that Vk ∩ Csing 6= ∅, there exists a function
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Gk+n(xk) with G
k
+n(xk(pk)) = G
k
+n(0) = 0 and a function G
k
−n(yk) with G
k
−n(yk(pk)) =
Gk−n(0) = 0 such that F
k
n (xk, yk) = C
k
n +G
k
+n(xk) +G
k
−n(yk) holds on Vk. Moreover,∣∣Cjν∣∣ ≤ Aν and ∣∣∣∣dF jνdzj
∣∣∣∣ ≤ Aν if Uj ∩ Csing = ∅(4.6)
∣∣Ckν ∣∣ ≤ Aν and ∣∣∣∣dGk+νdxk
∣∣∣∣ ,
∣∣∣∣∣dGj−νdyk
∣∣∣∣∣ ≤ Aν if Uk ∩ Csing 6= ∅
holds for each ν.
Remark 4.4. Claim 4.3 actually deduces inequality (4.5). Indeed, for example, we can
calculate ∣∣Gk±ν(p)∣∣ = ∣∣∣∣∫ p
pk
(
Gk±ν
)′∣∣∣∣ ≤ εk sup ∣∣∣(Gk±ν)′∣∣∣ ≤ Aν
on each Vk with Vk∩Csing 6= ∅ (Recall that we are assuming that εk < 1). Thus we obtain
the inequality |F kν | ≤ |C
k
ν |+ |G
k
+ν |+ |G
k
−ν| ≤ 3Aν .
For each j such that Vj ∩ Csing = ∅, we denote by G
j
n = G
j
n(zj) the function F
j
n − C
j
n.
From now on, we will prove Claim 4.3 by induction. As A2 = M0, Claim 4.3 for ν = 2 is
clear. Assuming the existence of {F jν }
n−1
ν=2 satisfying (Property)ν and the inequality (4.6)
for ν < n, we will construct {F jn} such that (Property)n and the inequality (4.6) for ν = n
holds. First, let us fix sufficiently large real numbers M1 and R such that
sup
Ujk
∣∣fkjν ∣∣ ≤M1Rν , sup
Ujk
∣∣∣∣dfkjνdzj
∣∣∣∣ ≤ M1Rν
holds for each j, k. Then we can show the following lemma:
Lemma 4.5. Assume that {F jν }
n−1
ν=2 satisfies (Property)ν and the inequality (4.6) for
ν < n. Then, by enlarging R if necessary, it holds that
sup
Ujk
∣∣P kjn − t−n+1jk Qkjn ∣∣ ≤ the coeff. of Xn in M2(A(X))21− 6RA(X) ,
where M2 := 18R(1 +M1R) and “coeff.” stands for “coefficient”.
Proof. Assuming that R−1 is much smaller than the diameters of Vj ’s, we obtain∣∣P kjn (p)− t−n+1jk Qkjn (p)∣∣ ≤ the coeff. of Xn in 2R(M1R + 1) (3A(X))21− 3RA(X)
for each p ∈ Ujk by the same argument as in [U83, p. 599], which proves the lemma. 
Lemma 4.6. Assume that {F jν }
n−1
ν=2 satisfies (Property)ν and the inequality (4.6) for
ν < n. Then, by enlarging R if necessary, it holds that
sup
Ujk
∣∣∣∣ ddzj (P kjn − t−n+1jk Qkjn )
∣∣∣∣ ≤ the coeff. of Xn in M3(A(X))21− 6RA(X) ,
where M3 := 12R(1 + C0 + 6RM1).
UEDA THEORY FOR COMPACT CURVES WITH NODES 13
Proof. From the equation (4.3), we obtain that∣∣∣∣dP kjndzj
∣∣∣∣ ≤ the coeff. of Xn in n∑
ν=2
∣∣∣∣dfkjν (zj)dzj
∣∣∣∣ ·
(
X +
n−1∑
λ=2
|F jλ |X
λ
)ν
+
n∑
ν=2
ν
∣∣fkjν (zj)∣∣ ·
(
X +
n−1∑
λ=2
|F jλ |X
λ
)ν−1
·
(
n−1∑
λ=2
∣∣∣∣∣dF jλdzj
∣∣∣∣∣Xλ
)
≤ the coeff. of Xn in
∞∑
ν=2
(
1 +
ν
3
)
M1R
ν · (3A(X))ν
≤ the coeff. of Xn in
∞∑
ν=2
2νM1R
ν · (3A(X))ν
≤ the coeff. of Xn in
M1R
2(6A(X))2
1− 6RA(X)
(Recall that Vj ∩ Csing = ∅). Assuming that R
−1 is much smaller than the diameters of
Vj’s, we also obtain
sup
Uj∩U∗k
∣∣∣∣∣∂F kjνλ∂zj
∣∣∣∣∣ = supUj∩U∗k
∣∣∣∣∣ 1λ! ∂∂zj ∂
λF kν
∂wλj
∣∣∣∣∣ = supUj∩U∗k
∣∣∣∣∣ 1λ! ∂λ∂wλj ∂F
k
ν
∂zj
∣∣∣∣∣ ≤ Rλ supVj∩V ∗k
∣∣∣∣∂F kν∂zj
∣∣∣∣ ,
which implies the inequality
sup
Uj∩U∗k
∣∣∣∣∣∂F kjνλ∂zj
∣∣∣∣∣ ≤ 2C0AνRλ.
Thus we can deduce the inequality∣∣∣∣dQkjndzj
∣∣∣∣ = the coeff. of Xn in ∞∑
ν=2
∞∑
λ=1
(2C0 + λ)AνR
λ · (3A(X))λ ·Xν
≤ the coeff. of Xn in
∞∑
ν=2
∞∑
λ=1
(1 + C0)2
λAνR
λ · (3A(X))λ ·Xν
≤ the coeff. of Xn in 6R(1 + C0)
(A(X))2
1− 6RA(X)
on Uj ∩ U
∗
k from the equation (4.4). Therefore,
sup
Uj∩U∗k
∣∣∣∣ ddzj (P kjn − t−n+1jk Qkjn )
∣∣∣∣ ≤ the coeff. of Xn in 6R(6RM1 + 1 + C0) (A(X))21− 6RA(X)
holds. For each point p ∈ Ujk, by using l such that p ∈ U
∗
l , we can calculate∣∣∣∣ ddzj (P kjn − t−n+1jk Qkjn )(p)
∣∣∣∣ ≤ ∣∣∣∣ ddzj (P ljn − t−n+1jl Qljn )(p)
∣∣∣∣+ ∣∣∣∣ ddzj (P lkn − t−n+1kl Qlkn )(p)
∣∣∣∣
≤ the coeff. of Xn in 12R(6RM1 + 1 + C0)
(A(X))2
1− 6RA(X)
,
which proves the lemma. 
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Let us fix a C∞ Hermitian metric h of KC˜ , where i : C˜ → C is the normalization,
and consider ηn := i
∗{(Ujk, d(P
kj
n − t
−n+1
jk Q
kj
n ))}. The class of H
1(C˜,OC˜(KC˜ ⊗ i
∗N−n+1C/X ))
defined by ηn is the trivial one. Thus, by Lemma 4.6, there exists a positive constant M4
depends only on M3 and h such that
‖ηn‖h := max
ν,µ
sup
U˜νµ
|ηνµn |h ≤ the coeff. of X
n in
M4(A(X))
2
1− 6RA(X)
holds, where {U˜ν} is the open cover of C˜ as in Remark 2.2 and η
νµ
n is the 1-form such
that i∗{(Ujk, d(P
kj
n − t
−n+1
jk Q
kj
n ))} = {(U˜νµ, η
νµ
n )} holds. Thus we can deduce from [KS,
Lemma 2] that there exists a positive real number K and {(U˜ν , η
ν
n)} ∈ C˘
0({U˜ν},OC˜(KC˜⊗
i∗N−n+1C/X )) such that
ηνn − t
−n+1
jk η
µ
n = η
νµ
n = (i|U˜νµ)
∗d(P kjn − t
−n+1
jk Q
kj
n ), sup
U˜ν
|ηνn|h ≤ K‖ηn‖h
holds, where i−1(Ujk) = U˜νµ. Note that K can be taken as a constant which does not
depend on n (Here we used the assumption that i∗NC/X ∈ E0(C˜)).
Now we start constructing functions Gjn, G
j
±n. First we consider on Vj such that
Uj ∩Csing = ∅. In this case, Uj is isomorphic to U˜ν for some ν via i. We define G
j
n as the
extension of the function
Gjn(p) :=
∫ p
pj
(i|−1
U˜ν
)∗ηνn
defined on Uj. Next we consider on Vk such that Uk ∩ Csing 6= ∅. In this case, Uk is
decomposed to two irreducible component {xk = 0} and {yk = 0}. Take ν, µ such that
i−1({xk = 0}) = U˜ν and i
−1({yk = 0}) = U˜µ holds. We define the function G
k
+n as the
extension of the function
Gk+n(p) :=
∫ p
pk
(i|−1
U˜µ
)∗ηµn
defined on {yk = 0}, and define the function G
k
−n as the extension of the function
Gk−n(p) :=
∫ p
pk
(i|−1
U˜ν
)∗ηνn
defined on {xk = 0}. By constructions, there clearly exists a positive real number C1
depending only on h such that supUj |G
j
n| ≤ C1K‖ηn‖h (supUk |G
k
±n| ≤ C1K‖ηn‖h) holds.
Thus it holds that
(4.7) sup
Uj
|Gjn|, sup
Uk
|Gk±n| ≤ the coeff. of X
n in
M5(A(X))
2
1− 6RA(X)
,
where M5 := C1KM4.
Next, we give the construction of Cjn. Clearly
Ckjn :=
{
(P kjn − t
−n+1
jk Q
kj
n )|Ujk − (G
j
n − t
−n+1
jk G
k
n)|Ujk (Uk ∩ Csing = ∅)
(P kjn − t
−n+1
jk Q
kj
n )|Ujk − (G
j
n − t
−n+1
jk (G
k
+n +G
k
−n))|Ujk (Uk ∩ Csing 6= ∅)
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is a constant for each j, k. Thus it follows from Lemma 4.1 that there exists a positive
constant K1 and a 0-cochain {(Uj, C
j
n)} ∈ C˘
0({Uj},C(N
−n+1
C/X )) such that
(4.8) Cjn − t
−n+1
jk C
k
n = C
kj
n , |C
j
n| ≤ K1max
j,k
|Ckjn |
holds for each j, k (Here we used the assumption that H1(C,C(N−n+1C/X )) = 0). From the
assumption that NC/X ∈ E0(C), it holds that K1 can be taken as a constant which does
not depend on n.
Now let us consider
F jn :=
{
Cjn +G
j
n (Uj ∩ Csing = ∅)
Cjn +G
j
+n +G
j
−n (Uj ∩ Csing 6= ∅).
Then, it follows from the argument in the previous subsection that the system {F jν }
n
ν=2
satisfies (Property)n. As the inequality (4.7) and
|Cjn| ≤ K1max
j,k
|Ckjn |
≤ K1‖{(Ujk, P
kj
n − t
−n+1
jk Q
kj
n )}‖+ 2K1 ·
(
the coeff. of Xn in
M5(A(X))
2
1− 6RA(X)
)
≤ the coeff. of Xn in K1(M2 + 2M5)
(A(X))2
1− 6RA(X)
holds, letting K1 > 1, all we have to do is to show the inequality
the coeff. of Xn in K1(M2 + 2M5)
(A(X))2
1− 6RA(X)
≤ An,
which is clear by letting M0 := K1(M2 + 2M5) and R0 := 6R. 
4.2.4. Convergence of the functional equation (4.1) for the case NC/X ∈ E1(C). In this
subsection, we prove that the formal power series X+
∑∞
n=2(supVj |F
j
n|) ·X
n has a positive
radius of convergence for a suitable choice of {F jn} when NC/X ∈ E1(C).
Let M1 and R be those in the previous subsection. Fixing a sufficiently large positive
real number K2, consider the constantsM0 := K2(M2+M5) and R0 := 6R, whereM2 and
M5 are the constants appeared in the previous section (Recall that M2 and M5 depend
only on the choice of M1, R, and the metric h on KC˜). Let A(X) = X +
∑∞
n=2AnX
n be
the formal power series defined by
(4.9)
∞∑
n=2
(M5 + d(OC , N
n−1
C/X)
−1 ·M0)
−1 ·AnX
n =
(A(X))2
1− R0A(X)
.
Lemma 4.7. A(X) has a positive radius of convergence.
Proof. Let us denote εn := M5 + d(OC , N
n
C/X)
−1 · M0. It is sufficient to show the
following two assertions: (1) − log εn = O(logn) as n → ∞, (2) ε
−1
n−m ≤ ε
−1
n + ε
−1
m for
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m < n ([Sie], see also [U83, Lemma 5]). (1) follows from the assumption NC/X ∈ E1(C).
(2) follows from the inequality
ε−1n−m =
d(NnC/X , N
m
C/X)
M0 +M5 · d(NnC/X , N
m
C/X)
≤
d(OC , N
n
C/X) + d(OC , N
m
C/X)
M0 +M5 · (d(OC , NnC/X) + d(OC , N
m
C/X))
.

It is sufficient to show that Claim 4.3 is also true for A(X) above under the con-
dition NC/X ∈ E1(C). As in the previous subsection, we will construct {F
j
n} such that
(Property)n and the inequality (4.6) for ν = n holds by assuming the existence of {F
j
ν }
n−1
ν=2
satisfying (Property)ν and the inequality (4.6) for ν < n. Note that Lemma 4.5, Lemma
4.6, and the inequality (4.7) holds also in the present setting. Thus we can take Cjn
as (4.8). However, under the present assumption, we can not take K1 as a constant
which depends on n (At least, the existence of such K1 does not followed directly from
Lemma 4.1 in the present setting). So here we use Lemma 4.1 instead of Lemma 4.1 to
deduce that there exists a positive constant K2 which does not depend on n such that
|Cjn| ≤ d(C,N
−n
C/X)
−1 ·K2 ·maxj,k |C
jk
n | holds. Since
|Cjn| ≤ the coeff. of X
n in d(C,N−nC/X)
−1K2(M2 + 2M5)
(A(X))2
1− 6RA(X)
≤ the coeff. of Xn in (M5 + d(C,N
−n
C/X)
−1M0)
(A(X))2
1− 6RA(X)
,
it is sufficient to show the inequality
the coeff. of Xn in (M5 + d(C,N
−n
C/X)
−1M0)
(A(X))2
1− 6RA(X)
≤ An,
which is clearly followed by the equation (4.9). 
5. Proof of Theorem 1.5
In this section, we prove Theorem 1.5. Let i : C˜ → C be the normalization. Fix a
neighborhood V of C and a sufficiently fine open covering {Vj} of V . We may assume the
open covering {Uj} of C defined by Uj := Vj∩Vj is enough fine to satisfy the conditions in
Remark 2.2. Let {(Vj, wj)} be a system of order n, where n is the type of the pair (C,X).
From the arguments in [U83, §3.4], it is sufficient for proving Theorem 1.5 to construct
a real-valued C∞ function ϕλ on V \ C for each λ > 0 which satisfies the following three
properties:
(Property 1): ϕλ(p) = d(p, C)
−λn + o(d(p, C)−λn) as p→∞.
(Property 2): ϕλ is a strongly psh function on V \ C if λ > 1.
(Property 3): The complex Hessian of ϕλ has a positive and negative eigenvalue
at each point in V \ C if λ < 1.
Note that, by Proposition 2.5, the natural mapH1(C,C(NmC/X))→ H
1(C,OC(N
m
C/X))⊕
H1(C,OC(N
m
C/X)) is isomorphism for all integer m (Here we used the assumption that
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G(C) is a tree and that NC/X = OC). Thus we can run the same argument as in [U83,
§3.3] and then construct a function s : V \ C → R such that
s|Vj = |w|
−2n − w−ng − w−ng − w−n ·
( ∑
a,b≥0, 1≤a+b≤n
ϕabwaw
b
)
−w−n ·
( ∑
a,b≥0, 1≤a+b≤n
ϕabw
awb
)
+ |g|2 + |w| · α
holds for some holomorphic function g = gj defined on Vj , pluriharmonic functions
ϕab = ϕj|ab defined on Vj , and some C
∞ function α = αj defined on Vj, where we
are denoting by w the function wj. Moreover, it can also be assumed that the ele-
ment of H1(C,OC(N
−n
C/X)) defined by δ{(Uj, gj|Uj)} coincides with the class defined by
{(Ujk, (w
−n
j − t
−n
jk w
−n
k )|Ujk)}, where tjk ∈ U(1) is a transition function of NC/X on Ujk.
From this fact and the assumption that un(C,X)|Cν 6= 0 ∈ H
1(Cν ,OC |Cν) for each irre-
ducible component Cν of C, it follows that dgj|Uj 6≡ 0 holds for all Uj. Thus it follows
from the calculation in [U83, §3.3] that, after a small modification, s
λ
2 satisfies (Property
1), (Property 2), and (Property 3) on each Vj such that Vj ∩ Csing = ∅.
Thus all we have to do is to modify the function s
λ
2 around each singular point p ∈ Csing
and show it satisfies (Property 1), (Property 2), and (Property 3). We assume Csing =
{p} ⊂ Uk for simplicity. In the rest of this section, we always consider on Vk and omit
the index k (w = wk, g = gk for example). Fix a coordinates system (x, y) such that
w = x · y. Note that we may assume g can be written in the form g(x, y) = g1(x) + g2(y),
where g1 (g2) is a holomorphic function depending only on the valuable x (y, respectively).
Moreover, we may assume that {dg1 = 0} ⊂ {x = 0} and {dg2 = 0} ⊂ {y = 0} hold by
shrinking Uk if necessary. By using a coordinates system (w, z) := (x · y, y) = (w, y) on
{x · y 6= 0}, we can calculate the complex Hessian
Hλ :=
[
(s
λ
2 )ww (s
λ
2 )wz
(s
λ
2 )zw (s
λ
2 )zz
]
of s
λ
2 as follows:
Hλ =
λ
2
|w|−(λ−2)n·
[
λ
2
n2|w|−2n−2 · (1 +O(|w|))
(
λ
2
− 1
)
nw−1w−ngz · (1 +O(|w|))(
λ
2
− 1
)
nw−1w−ngz · (1 +O(|w|))
λ
2
|gz|
2
]
.
Thus it holds that
detHλ =
(λ− 1)λ2n2
4
|gz|
2|w|−2(λn−n+1)(1 +O(|w|)).
Note that, as
gz = (g1 + g2)z = (g1)x ·
(w
z
)
z
+ (g2)y =
−x · (g1)x + y · (g2)y
y
does not vanishes on each point in {x 6= 0} ∪ {y 6= 0}, it is sufficient to modify s
λ
2
only around p. Letting ρ(x, y) be a C∞ cut-off function such that ρ|{|x|2+|y|2<δ} ≡ 1 and
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Supp ρ ⊂ {|x|2 + |y|2 < 2δ} hold for some sufficiently small number δ > 0, consider the
function ϕλ defined by
ϕλ :=
s
λ
2 + ερ(x, y) ·
(
|z|2 + |w|
2
|z|2
)
· |w|−(λ−2)n (λ > 1)
s
λ
2 − ερ(x, y) ·
(
|z|2 + |w|
2
|z|2
)
· |w|−(λ−2)n (0 < λ < 1),
where ε is a sufficiently small positive real number. As the complex Hessian of the function
Rλ(w, z) :=
(
|z|2 + |w|
2
|z|2
)
· |w|−(λ−2)n can be calculated as[
(Rλ)ww (Rλ)wz
(Rλ)zw (Rλ)zz
]
= |w|−(λ−2)n
 O ( 1|w|2) o ( 1w2)
o
(
1
w2
)
1 + |w|
2
|z|4
 ,
we can conclude that, by shrinking ε if necessary, the above function ϕλ satisfies (Property
1), (Property 2), and (Property 3). 
6. Proof of Theorem 1.6
In this section, we prove Theorem 1.6. Let C = C1 ∪ C2 ∪ · · · ∪ CN be the irreducible
decomposition of C and let CN ∩ C1 = {p1}, Cν ∩ Cν+1 = {pν} (ν = 2, 3, . . . , N). In the
following, we sometimes denote pN by p0 and CN by C0. Fix a neighborhood V of C and a
sufficiently fine open covering {Vj} of V . Denote by {Uj} the induced open covering of C:
Uj := Vj∩Vj . We may assume that {Uj} satisfies the conditions in Remark 2.2. Denote by
Ukν the open set which includes pν as an element. Each Ukν has two irreducible components
U
(ν−1)
kν
⊂ Cν−1 and U
(ν)
kν
⊂ Cν . Denoting by U
(ν)
j the open set Uj by using ν which satisfies
Uj ∈ Cν for each j 6∈ {k1, k2, . . . , kN}, {U
(ν)
j | j = kν or j = kν+1 or Uj ⊂ Cν} defines an
open covering of Cν for each ν = 0, 1, · · · , N − 1.
From the arguments in [U83, §3.4], it is sufficient for proving Theorem 1.6 to construct
a real-valued C∞ function ϕλ on V \ C for each λ > 0 which satisfies the following three
properties:
(Property 1): ϕλ(p) = (log d(p, C))
2λ + o((log d(p, C))2λ) as p→∞.
(Property 2): ϕλ is a strongly psh function on V \ C if λ > 1.
(Property 3): The complex Hessian of ϕλ has a positive and negative eigenvalue
at each point in V \ C if λ < 1.
Lemma 6.1. For a suitable positive number α ∈ R and {tjk} ⊂ C
∗ such that NC/X =
[{(Ujk, tjk)}], the following conditions hold: |tjk| = 1 holds if j, k 6= k1, or if j 6= k1 and
Uj ⊂ C1 hold. |tjk1| = α holds if Uj ⊂ CN .
Proof. It can be shown by the same argument as in the proof of Lemma 2.1 by using
the normalization i1 : C˜1 → C ofC at p1 instead of the normalization i : C˜ → C (Note
that, by Lemma 2.4, i∗1NC/X is flat). 
Fix α, {tjk} as in Lemma 6.1. Note that, by the assumption that NC/X is not flat,
α 6= 1 holds. Fix also a system {(Vj, wj)} of order 4.
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Lemma 6.2. There exists a nowhere vanishing holomorphic function fj on Vj for each
j 6∈ {k1, k2, . . . , kN} and a coordinates system (xν , yν) of Vkν for each kν(ν = 1, 2, . . . , N)
such that the following conditions hold:
(i) For each j 6∈ {k1, k2, . . . , kN}, fj depends only on the valuable zj, where zj is a function
such that (wj, zj) is a coordinates system of Vj.
(ii) For each j, k such that Uj , Uk ⊂ Cν, there exists an element sjk ∈ U(1) such that
sjkfk = fj +O(wj) holds on Vjk.
(iii) {xν = 0} = U
(ν−1)
kν
and {yν = 0} = U
(ν)
kν
hold on Vkν(ν = 1, 2, . . . , N).
(iv) For each j and ν = 1, 2, . . . , N such that Ujkν 6= ∅, there exists an element sjkν ∈ U(1)
such that sjkνy
−1
ν = fj +O(wj) holds if Uj ⊂ Cν−1, and that sjkνxν = fj +O(wj) holds if
Uj ⊂ Cν.
Proof. As Cν is non-singular, OCν (pν−pν+1) is flat for each ν = 0, 1, . . . , N−1. Thus
there exists sjk ∈ U(1) for each j, k and a holomorphic function F
(ν)
j on U
(ν)
j for each j
such that F
(ν)
j = sjkF
(ν)
k holds on U
(ν)
jk . fj , xν , y
−1
ν can be constructed by extending each
F
(ν)
j to Vj in a suitable manner. 
Remark 6.3. In Lemma 6.2, we may additionally assume that Sν |Ukν is a constant
function for each ν, where Sν := (wkν/(xν · yν)). Here we will show this assertion by
modifying (xν , yν) as in Lemma 6.2 and constructing a new coordinates system (x˜ν , y˜ν)
with (wkν/(x˜ν ·y˜ν))|Ukν ≡ qν , where qν := Sν(pν). LetQν be a holomorphic function defined
on Vkν which coincides with Sν/qν on U
(ν)
kν
and with the constant function 1 on U
(ν−1)
kν
, and
consider y˜ν := Qν ·yν . y˜ν coincides with yν on U
(ν−1)
kν
and satisfies that S˜ν |U (ν)
kν
≡ qν , where
S˜ν := (wkν/(xν · y˜ν)). Let Q˜ν be a holomorphic function defined on Vkν which coincides
with S˜ν/qν on U
(ν−1)
kν
and with the constant function 1 on U
(ν)
kν
, and consider x˜ν := Q˜ν ·xν .
x˜ν coincides with xν on U
(ν)
kν
and satisfies that (wkν/(x˜ν · y˜ν))|Ukν ≡ qν holds, which shows
the assertion.
Lemma 6.4. There exists a constant q ∈ C∗ and functions {fj}, {(xν , yν)} as in Lemma
6.2 such that Sν |Ukν ≡ q holds for each ν ∈ {1, 2, . . . , N}, where S˜ν := wkν/(xν · yν).
Proof. By Remark 6.3, we may assume that the function Sν = wkν/(xν · yν) coincides
with the constant function qν on Uν . Fix a complex number q such that q
N = q1 ·q2 · · · · qN
and consider a sequence {a1, a2, . . . , aN} ⊂ C
∗ which is defined by a1 := 1 and aν :=
q−1 · qν · aν−1. Let us denote by f˜j the function aνfj for each j such that Uj ⊂ Cν , and
by (x˜ν , y˜ν) the new coordinates system of Vkν defined by x˜ν := aν · xν , y˜ν := a
−1
ν−1 · yν.
Then the assertion follows from the fact that (wkν/(x˜ν · y˜ν))|Uν is the constant function
qν · aν−1 · a
−1
ν . 
Now we start constructing ϕλ by using {fj}, {(xν , yν)}, q as in Lemma 6.4. By replacing
each wj with q
−1 · wj, we assume that q = 1. Define the function ϕj on each Vj ⊂ Uj as
follows:
ϕj := (log |wj|)
2 +
N − 2ν
N
· logα · log |wj|+
2
N
· logα · log |fj|
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if Uj ⊂ Cν holds for some ν ∈ {1, 2, . . . , N}, and
ϕkν := (log |wkν |)
2 +
N − 2(ν − 1)
N
· logα · log |wkν | −
2
N
· logα · log |yν|
for each ν = 1, 2, . . . , N . Let {ρj} be a system of C
∞ functions ρj : Vj → [0, 1] ⊂ R such
that Supp ρj ⊂ Vj holds for each j and (
∑
j ρj)|V0 ≡ 1 holds for some neighborhood V0 of
C in V . Since the calculation as in [U91, p. 687] shows that
ηjk(p) :=
{
ϕk(p)− ϕj(p) (p ∈ Vjk \ Ujk)
0 (p ∈ Ujk)
is a C2 class function defined on Vjk for each j, k such that Ujk 6= ∅. Let us denote by ϕ
the function on V \ C such that ϕ|Vj = ϕj +
∑
k ρk · ηjk for each j.
We will construct a function ϕλ with (Property 1), (Property 2), and (Property 3) by
modifying the function ϕλ. First we obtain from the same calculation as in [U91, p. 689]
that
ϕ−λ+2
λ
[
(ϕλ)ww (ϕ
λ)wz
(ϕλ)zw (ϕ
λ)zz
]
=
[ (
λ− 1
2
)
(log |w|)2
|w|2
(1 + o(1)) (λ− 1) −B log |w|
wz
(1 + o(1))
(λ− 1) −B log |w|
|wz|2
(1 + o(1)) (λ− 1) B
2
|z|2
(1 + o(1))
]
holds on each Vkν \ Ukν for each ν = 1, 2, . . . , N , where (w, z) = (wkν , yν) and B =
logα
N
.
Note the determinant of the above matrix is
λ− 1
2
B2(log |w|2)
|wz|2
=
λ− 1
2
·
(logα)2
N2
·
(log |w|2)
|wz|2
.
For each j such that Uj ⊂ Cν , we obtain from the same calculation as in [U91, p. 688]
that the above matrix with (w, z) := (wj, zj) is (λ− 12) (log |w|)2|w|2 (1 + o(1)) (λ− 1) logαN · log |w|w
(
(fj)z
fj
)
(1 + o(1))
(λ− 1) logα
N
·
(
log |w|
w
)
(fj)z
fj
(1 + o(1)) (λ− 1) (logα)
2
N2
·
∣∣∣ (fj)zfj ∣∣∣2
 ,
whose determinant is
λ− 1
2
(logα)2
N2
·
∣∣∣∣(fj)zfj
∣∣∣∣2 (log |w|)2|w|2 (1 + o(1)).
Thus it turns out that the function ϕλ := ϕ
λ satisfies (Property 1), (Property 2), and
(Property 3) if each function (fj)zj has no zero.
In the rest of this section, we construct a function ϕλ with (Property 1), (Property 2),
and (Property 3) when there uniquely exists a open set Uj (j 6∈ {k1, k2, . . . , kN}) such that
(fj)zj vanishes only on {zj = 0}, for simplicity. Letting χ(zj) be a C
∞ cut-off function
such that χ|{|zj |<δ} ≡ 1 and Suppχ ⊂ {|zj|
2 < 2δ} hold for some sufficiently small number
δ > 0, consider the function ϕλ defined by
ϕλ :=
{
ϕ(wj, zj)
λ + ελ · χ(zj) · (− log |wj|)
2(λ−2) · |zj|
2 (λ > 1)
ϕ(wj, zj)
λ − ελ · χ(zj) · (− log |wj|)
2(λ−2) · |zj|
2 (0 < λ < 1),
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where ε > 0 is a sufficiently small positive real number. As
(− log |w|)−λ+2
[
(Rλ)ww (Rλ)wz
(Rλ)zw (Rλ)zz
]
=
 O ( 1|w|2(− log |w|)2) O ( 1w(− log |w|))
O
(
1
w(− log |w|)
)
(χ(z) · |z|2)zz

holds for Rλ := (− log |wj|)
2(λ−2) · |zj |
2 and (w, z) := (wj, zj), we can conclude that, by
shrinking ε if necessary, the above function ϕλ satisfies (Property 1), (Property 2), and
(Property 3). 
7. Proof of Theorem 1.1 and application to the blow-up of the
projective plane at nine points
7.1. Minimal singular metrics of the anti-canonical bundle of the blow-up of
the projective plane at nine points. In this section, we will prove Theorem 1.1. We
also study singular Hermitian metrics with semi-positive curvature on K−1X of the blow-up
X of P2 at nine points in arbitrary position by applying Theorem 1.4 and Theorem 1.6,
and prove the following:
Theorem 7.1. Let p1, p2, . . . , p9 ∈ P
2 be 9 points different from each other, π : X → P2
be the blow-up at {pj}
9
j=1. Then one of the following five assertions holds:
(i) K−1X is semi-ample (i.e. K
−n
X is generated by global sections for some integer n).
(ii) K−1X is not semi-ample, however it is semi-positive (i.e. K
−1
X admits a C
∞ Hermitian
metric with semi-positive curvature).
(iii) K−1X is nef and there exists a section f ∈ H
0(X,K−1X ) \ {0} such that the singular
Hermitian metric |f |−2 is a minimal singular metric (i.e. a metric with the mildest sin-
gularities among singular Hermitian metrics of K−1X whose local weights are psh). In this
case, K−1X is not semi-positive.
(iv) K−1X is nef, and there exists a compact curve C ⊂ X with nodes such that NC/X ∈
P0(C) \ (E0(C) ∪ E1(C)) and K
−1
X = OX(C).
(v) K−1X is not nef, and the nef part of the Zariski decomposition of K
−1
X is semi-ample.
For the precise definition of minimal singular metrics, see [DPS, Definition 1.4].
Remark 7.2. It also follows from the proof of Theorem 7.1 blow that none of the five
conditions (i), (ii), . . . , (v) in Theorem 7.1 can be removed, since there exists configura-
tions for which each condition is realized.
Remark 7.3. Note that, except the case of Theorem 7.1 (iv), we can determine the
concrete expression of a minimal singular metric on K−1X . For the case (i) and (ii), K
−1
X
is semi-positive and thus a minimal singular metric can be taken as a C∞ one and thus
it has no singularity. For the case (v), the metric hmin = hP ⊗
∏
j |gj|
−2aj is a minimal
singular metric of K−1X , where hP is a C
∞ Hermitian metric on the nef part P of Zariski
decomposition of K−1X with semi-positive curvature, N =
∑
j ajDj is the negative part,
and gj ∈ H
0(X,OX(Dj)) is the canonical section for each j (The minimal singularity of
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the above metric directly follows from the fact that, for all closed (semi-)positive current
T in the class c1(K
−1
X ), the Lelong number ν(T,Dj) of T along Dj is greater than or equal
to aj for each j (see [Bo, p. 54]).
7.2. Preliminary for the proof of Theorem 1.1 and Theorem 7.1. In this sub-
section, we give some lemmata and propositions needed in the proof of Theorem 1.1 and
Theorem 7.1. First we show the following:
Lemma 7.4. Let X be a non-singular rational surface and C ⊂ X be a reduced compact
curve with only nodes such that NC/X ∈ E0(C). Assume one of the following conditions:
(1) C is a non-singular elliptic curve.
(2) Each component of the normalization of C is a rational curve, and the Euler number
of the dual graph G(C) is equal to 0.
Then OX(C) is semi-ample.
Proof. Let n ≥ 1 be the minimum integer such that NnC/X = OC . By considering the
exact sequence
H0(X,OX(nC))→ H
0(C,NnC/X)→ H
1(X,OX((n− 1)C))
induced from 0 → OX((n − 1)C) → OX(nC) → OX(nC) ⊗ OX/OX(−C) → 0, it is
sufficient to show that H1(X,OX((n − 1)C)) = 0 holds. Note that H
1(C,N rC/X) = 0
holds for each 0 ≤ r ≤ n − 1 (It is clear for the case (1). For the case (2), we can prove
it by using the same calculation as in the proof of Proposition 2.5). Thus we obtain
H1(X,OX((n − 1)C)) ∼= H
1(X,OX) from the argument in [N, p. 38], which shows the
lemma. 
In the proof of Theorem 1.1 and Theorem 7.1, we use Theorem 1.4 in the following
form:
Corollary 7.5. Let X be a non-singular surface, C ⊂ X be a reduced compact curve
with only nodes such that each component of the normalization of C is a rational curve.
Assume that the dual graph G(C) is a cycle graph and that NC/X ∈ E1(C) holds. Then
OV (C) is a flat line bundle for some neighborhood V of C in X.
Proof. We obtain H1(C,C(NnC/X)) = 0 and H
1(C,NnC/X) = 0 hold for each n from
Proposition 2.5 and the calculation as in the proof of it. Note that especially it holds that
un(C,X) = 0 for each n. Thus we can apply Theorem 1.4, which shows the corollary. 
In the proof of Theorem 7.1, it is also needed to treat a divisor D of a non-singular
surface X which can be written in the form
D = aC + a1E1 + a2E2 + · · ·+ aNEN (a, a1, a2, . . . , aN > 0),
where C,E1, E2, . . . , EN are non-singular compact curves embedded in X which satisfy
the following conditions:
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• There exists N points p1, p2, . . . , pN ∈ C different from each other such that, for
each ν = 1, 2, . . . , N , C intersects Eν at pν transversally.
• Eν ∩ Eµ = ∅ holds for each ν 6= µ ∈ {1, 2, . . . , N}.
• The line bundle ND/S := OS(D)|SuppD is topologically trivial, where SuppD =
C ∪ E1 ∪ E2 ∪ · · · ∪ EN .
• The greatest common divisor of (a, a1, a2, . . . , aN) is equal to 1.
Denote b the integer −(C2) and by bν the integer −(E
2
ν) for each ν = 1, 2, . . . , N . Then
it is clear from (D2) = 0 that b = (a1 + a2 + · · · + aN )/a and bν = a/aν hold (ν =
1, 2, . . . , N). Fix a connected open neighborhood W of SuppD which is a deformation
retract of SuppD.
Lemma 7.6. Let (X,D),W be as above. Then there exists a holomorphic line bundle
L on W such that La = OW (
∑N
ν=1 aνEν) holds.
Proof. Denote by L′ the line bundle OW (−C). By considering the isomorphism
H2(SuppD,Z) ∼= H2(W,Z), we obtain that OW (D) = (L
′)a ⊗ OW (
∑N
ν=1 aνEν) is topo-
logically trivial. Thus there exists a topologically trivial line bundle N ′ on W such that
(N ′)a = (L′)a ⊗OW (
∑N
ν=1 aνEν). We can prove the lemma by letting L := L
′ ⊗N ′. 
In the following, we fix a line bundle L as in Lemma 7.6.
Lemma 7.7. Let (X,D),W, L be as above. Then there exists a connected non-singular
complex surface W˜ and a covering map p : W˜ → W with degree a which satisfies the
following conditions:
(i) p−1(Eν) is the union of non-singular connected compact curves {E˜
(λ)
ν }
aν
λ=1 for each ν.
(ii) p is ramified along E˜
(λ)
ν with ramification index bν for each ν and λ, and is unramified
outside of them.
(iii) OW (
∑N
ν=1
∑aν
λ=1 E˜
(λ)
ν ) = p∗L holds.
(iv) OW˜ (D˜) = p
∗N ′ and OW˜ (aD˜) = p
∗OW (D) hold, where N
′ is the line bundle appeared
in the proof of Lemma 7.6 and
D˜ := p−1(C) +
N∑
ν=1
aν∑
λ=1
E˜(λ)ν .
Proof. p : W˜ → W can be constructed as the normalization of the cyclic cover of W
defined by the line bundle L. 
For the above (X,D),W , we can show the following two propositions by applying [U83,
Theorem 1, 2, 3] to the pair (W˜ , D˜) as in Lemma 7.7 (We here remark that the idea to
apply Ueda theory on a finite cover is pointed out by Prof. Tetsuo Ueda).
Proposition 7.8. Let (X,D),W, L be as above. Assume that each Eν is a rational
curve, ND/W = OSuppD holds, and that the pair (W˜ , D˜) is of infinite type. Then, after
shrinking W if necessary, OW (D) is a flat line bundle.
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Proof. Note that each E˜
(λ)
ν is a (−1)-curve. Thus there exists a contraction p : W˜ →
W of each E˜
(λ)
ν . Denote by C the strict transform of p−1(C). We can deduce from the
same argument as in the proof of Proposition 2.5 that H1(C,OC)
∼= H1(D˜,OD˜). Thus
p∗un(C,W ) = un(D˜, W˜ ) = 0 implies that un(C,W ) = 0. Since the pair (W,C) is of
infinite type, we can apply [U83, Theorem 3] to show that OW (C) is a flat line bundle.
As it follows that the line bundle OW˜ (D˜) is also flat, we can take a nowhere vanishing
section F ∈ H0
(
W˜ , p∗N−1 ⊗OW˜ (D˜)
)
, where N is a flat line bundle on W such that
N |SuppD = ND/W holds. Consider the section
F⊗i∗F⊗(i2)∗F⊗. . . (ia−1)∗F ∈ H0
(
W˜ , p∗N−a ⊗OW˜ (aD˜)
)
= H0
(
W˜ , p∗
(
N−1 ⊗OW (D)
))
,
where i is a generator of the group Aut (W˜/W ) of all deck transformation of p. As it
clearly holds that the section above is nowhere vanishing and Aut (W˜/W )-invariant, it
can be realized as the pull-back of a nowhere vanishing holomorphic gobal section of the
line bundle N−1 ⊗OW (D), which induces the isomorphism N ∼= OW (D). 
Proposition 7.9. Let (X,D),W, L be as above. Assume that each Eν is a rational
curve, ND/W = OSuppD, and that the pair (W˜ , D˜) is of type n < ∞. Then the following
holds:
(i) For each real number λ > 1, There exists a neighborhood V of SuppD and a strongly
psh function Φλ : V \SuppD → R such that Φλ(p)→∞ and Φλ(p) = O(d(p, SuppD)
−λn/a)
hold as p → SuppD, where d(p, SuppD) is the distance from p to SuppD calculated by
using a local Euclidean metric on a neighborhood of a point of C in V .
(ii) Let V be a neighborhood of SuppD in X, Ψ be a psh function defined onV \ SuppD.
If there exists a real number 0 < λ < 1 such that Ψ(p) = O(d(p, SuppD)−λn/a) as
p→ SuppD, then there exists a neighborhood V0 of SuppD in V such that Ψ|V0\SuppD is
a constant function.
Proof. Let p : W˜ → W and C be those in the proof of Proposition 7.8. In this case,
we can deduce that the pair (W,C) is of type n <∞ by the same argument. Thus we can
apply [U83, Theorem 1] to show that, for each λ > 1, by shrinking W if necessary, there
exists a strongly psh function Φ′ on W \ C with Φ′(p) = O(|fC(p)|
−α) as p → C, where
fC is a local defining function of C. Then the function
∑a
ℓ=1(i
ℓ)∗(p∗Φ′) can be realized
as a pull-back of a strongly psh function Φ by p, where i is a generator of Aut (W˜/W ).
The assertion (i) can be proved by considering this Φ. The assertion (ii) followed from
the same argument as in the proof of [U83, Theorem 2] for the functions Φ and p∗Ψ. 
7.3. Proof of Theorem 1.1. In this subsection, we prove Theorem 1.1.
When NC/X ∈ E1(C) holds, it follows from Corollary 7.5 that there exists a neighbor-
hood V of C such that OV (C) is flat. Thus, by the argument as in [K1, Corollary 3.5], we
can show that Theorem 1.1 (i) holds. When NC/X 6∈ P0(C), we can use 1.6 and run the
same argument as in the proof of [K2, Theorem 1.1], which proves Theorem 1.1 (ii). 
UEDA THEORY FOR COMPACT CURVES WITH NODES 25
7.4. Proof of Theorem 7.1. In this subsection, we prove Theorem 7.1. Let p1, p2, . . . , p9 ∈
P2 be 9 points different from each other and denote by π : X → P2 the blow-up at {pj}
9
j=1.
Take a curve C0 ⊂ P
2 of degree 3 which includes {pj}
9
j=1 as elements.
Proposition 7.10.
(i) If K−1X is not nef, the positive part of K
−1
X is semi-ample.
(ii) If K−1X is nef, C0 can be taken as a curve with {pj}
9
j=1 ∩Csing = ∅ and satisfying one
of the following seven conditions:
(7.10.1): C0 is a non-singular elliptic curve.
(7.10.2): C0 is a rational curve with a node.
(7.10.3): C0 is a rational curve with a cusp.
(7.10.4): C0 has only nodes, and it has two irreducible components: ℓ0 with degree 1
and ℓ1 with degree 2. It also hold that #({pj}
9
j=1 ∩ ℓ0) = 3 and that #({pj}
9
j=1 ∩
ℓ1) = 6.
(7.10.5): C0 has two irreducible components: ℓ0 with degree 1 and ℓ1 with degree 2.
It also hold that #(ℓ0∩ ℓ1) = 1, #({pj}
9
j=1∩ ℓ0) = 3, and that #({pj}
9
j=1∩ ℓ1) = 6.
(7.10.6): C0 has only nodes, and it has three irreducible components ℓ0, ℓ1, ℓ2 with
degree 1. It also holds that #({pj}
9
j=1 ∩ ℓj) = 3 for each j = 0, 1, 2.
(7.10.7): C0 has three irreducible components ℓ0, ℓ1, ℓ2 with degree 1. It also hold that
#(ℓ0 ∩ ℓ1 ∩ ℓ2) = 1 and that #({pj}
9
j=1 ∩ ℓj) = 3 for each j = 0, 1, 2.
Proof. First we show the assertion (i). Let P be the nef part of Zariski decomposition
of K−1X and denote by N the negative part: K
−1
X = P ⊗ OX(N). When K
−1
X is not nef,
then (K−1X .P ) = −((P + N).N) = −(N
2) > 0 holds. Thus we can apply [LT, Lemma
3.1] and conclude that P is semi-ample. (ii) can be shown by elemental arguments can
be shown by case-by-case argument. 
It follows from the above proposition that, in order to prove Theorem 7.1, it is suf-
ficient to show one of the assertions (i), (ii), . . . , (iv) holds by assuming each condition
(7.10.1), (7.10.2), · · · (7.10.7) in Proposition 7.10 (ii). In the following, we denote by C
the strict transform of C0.
7.4.1. case (7.10.1). In this case, the pair (C,X) is of infinite (see [N, Lemma 6.2]). Thus
we can apply [U83, Theorem 3] to show that the assertion (i), (ii), or (iv) in Theorem 7.1
holds (see [Br]).
7.4.2. case (7.10.2). When NC/X 6∈ P0(C), we can use Theorem 1.1 (ii) to show the
assertion Theorem 7.1 (iii) holds. Thus all we have to do is to consider the case when
NC/X ∈ P0(C). If NC/X ∈ E0(C) holds, it follows from Lemma 7.4 that the assertion
Theorem 7.1 (i) holds. If NC/X ∈ E1(C) holds, we can apply Theorem 1.1 (i) and show
that the assertion Theorem 7.1 (ii) holds. The rest case is Theorem 7.1 (iv).
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7.4.3. case (7.10.3). Let us denote by q the cuspidal point of C. Let π1 : S1 → X be
the blow-up at q, π2 : S2 → S1Supp π
∗
1C the blow-up at the singular point, and π3 : S →
S2Supp π
∗
2π
∗
1C be the blow-up at the singular point. Denote by π the map π3◦π2◦π1 : S →
S0. Let us denote by C1 ⊂ S the strict transform of the exceptional curve of π3, by
E1 ⊂ S the strict transform of the exceptional curve of π2, by E2 the strict transform of
the exceptional curve of π1, and by E3 ⊂ S the strict transform of C0. Then the divisor
D := π∗C can be decomposed as D = 6C1 + 3E1 + 2E2 + E3.
Consider p : W˜ → S and D˜ as in Lemma 7.7. By a calculation as in Proposition 2.5,
it follows that H1(SuppD,OSuppD) = 0 and thus P(SuppD) = {OSuppD}. Therefore
it turns out that ND/S = OSuppD. When the pair (D˜, W˜ ) is of infinite type, it follows
from Proposition 7.8 that there exists a neighborhood W of SuppD such that OW (D) =
OW . Thus we obtain that dimH
0(C,OX(C)|C) = 1. Considering the exact sequence
H0(X,OX(C))→ H
0(C,OX(C)|C)→ H
1(X,OX) = 0 induced by 0→ OX → OX(C)→
OX(C)⊗OX/OX(−C)→ 0, we can conclude that the assertion Theorem 7.1 (i) holds in
this case. When the pair (D˜, W˜ ) is of finite type, we can use Proposition 7.9 and run the
argument as in the proof of [K2, Theorem 1.1] to conclude that the assertion Theorem
7.1 (iii) holds.
7.4.4. case (7.10.4). In this case, we can show Theorem 7.1 by the same argument as case
(7.10.2).
7.4.5. case (7.10.5). In this case, we can show Theorem 7.1 by the same argument as case
(7.10.3).
7.4.6. case (7.10.6). In this case, we can show Theorem 7.1 by the same argument as case
(7.10.2).
7.4.7. case (7.10.7). In this case, we can show Theorem 7.1 by the same argument as case
(7.10.3). 
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